A simplicial complex X gives rise to both an affine and a projective scheme over an algebraically closed field k via its Stanley-Reisner ring. We call these schemes A(X) and P(X). See 2.1 for a description of these rings and [Sta96] for a general reference. The purpose of this paper is to lay the groundwork for a study of the deformations of these schemes.
Introduction
A simplicial complex X gives rise to both an affine and a projective scheme over an algebraically closed field k via its Stanley-Reisner ring. We call these schemes A(X) and P(X). See 2.1 for a description of these rings and [Sta96] for a general reference. The purpose of this paper is to lay the groundwork for a study of the deformations of these schemes.
In the case were |X|, the geometric realization of X, is a (triangulated) manifold, a smoothing of P(X) yields interesting algebraic geometric varieties. For example if |X| ≈ S n then a smoothing would yield an elliptic curve, a K3 surface or a Calabi-Yau threefold when n = 1, 2 or 3. If |X| was a torus then a smoothing would be an abelian surface, while RP 2 would give an Enriques surface.
In fact, this paper was originally motivated by a question from Sorin Popescu about the smoothability of P(X) when |X| ≈ S n as this would have applications for degenerations of Calabi-Yau manifolds. In the present paper we only state some partial results for surfaces in 4.6 and will come with a more detailed account in a forthcoming paper. In 4.6 we give examples of non-smoothable P(X) when |X| is a sphere and a torus.
The first part of this paper deals with computing the cotangent modules T 1 A X and T 2 A X for a general Stanley-Reisner ring A X . We refer to 1.3 for a description of them. These modules are essential for understanding the deformations of both A(X) and P(X). The first contains all infinitesimal (first order) deformations and the second the obstructions for lifting these. In our case we shall see that the degree 0 part of these modules gives the infinitesimal (first order) embedded deformations and obstructions for P(X).
If X is a simplicial complex on the set {1, . . . , n}, then the T It turns out that the T i c depend only on the supports a and b and vanish unless a is a face in X. We first compute the graded pieces T i c directly from the definitions above. Then, using algebraic topology, we derive our main theorem, Theorem 2.5.3. The T i c are shown to equal the relative cohomology of certain, easily understood, open subsets of the cone over | lk(a, X)|. Here lk(a, X) = {f ∈ X : a ∩ f = ∅ and a ∪ f ∈ X} is the link of a.
In 3 we look at the relationship between the global embedded deformations of P(X) and the induced deformations of the standard affine charts. We give a detailed description of the localization maps which allows us to prove in Corollary 3.2.3 that the Hilbert functor Hilb P(X) has no global obstructions.
In the last section of the paper we apply our results to combinatorial manifolds. For manifolds the T 
4).
We proceed to classify these lk(a, X) in low dimensions. A similar analysis is done for T 2 . We conclude the paper with some applications to the deformations of A(X) and P(X). Among them are;
• Theorem 4.4.1 states that for any X, if X ′ is a stellar subdivision of X, then A(X ′ ) deforms to A(X). In particular, if A(X) is smoothable, then so is A(X ′ ).
• Proposition 4.4.3 gives criteria for when A(X) is not smoothable.
• Theorem 4.5.1 contains formula for the tangent space dimension of the Hilbert scheme at P(X) when X is a manifold and dim X ≤ 3.
• Corollary 4.5.2 says that in dimension three, P(X) is rigid if all edges have valency ≥ 5.
• Proposition 4.6.3 is a negative result on smoothability. If X is a 2-dimensional manifold where all vertices have valency ≥ 5 and one vertex has valency ≥ 7, then P(X) is not smoothable.
To the best of our knowledge the subject of deforming Stanley-Reisner rings has been treated in the literature three times before in papers by Ishida and Oda ( [IO81] ), Symms ([Sym97] ) and D. A. Mel´nikov ([Mel92] ).
Ishida and Oda compute the cotangent modules in the case |X| is a homological n-sphere indirectly via torus embeddings. Symms computes H 0 (N ) and T 2 0 when |X| is a 2-dimensional manifold possibly with boundary. Our direct method in computing the cotangent modules makes it possible to avoid these assumptions and also allows us to see exactly which first order deformations occur.
The Mel´nikov paper is based on Ishida and Oda and discusses smoothability of A(X) when |X| is a homological sphere. In the applications it is also assumed that T 2 = 0. Our results in 4.4 generalize his. His analysis though, is based on [Mel92, Lemma 4] and our Lemma 4.1.3, which has the same assumptions in a more general setting, reaches a different conclusion.
Preliminaries

Simplicial complexes
We list some of the standard constructions used when dealing with simplicial complexes. This allows us to fix some notation we will use through out this paper.
Let [n] = {1, . . . , n} and let ∆ n denote the set of all subsets of [n]. We view a simplicial complex as a subset X ⊆ ∆ n . For any subcomplex
we may construct simplicial complexes
The join of two complexes X and Y , denoted X * Y , is the complex defined by
where ∨ means the disjoint union. If f ∈ X is a face we may define
• the open star of f in X; st(f, X) = {g ∈ X : f ⊆ g}
• the closed star of f in X; st(f, X) = {g ∈ X : g ∪ f ∈ X}.
Notice that the closed star is the subcomplex st(f, X) =f * lk(f, X).
Z n graded rings and modules
Let P = k[x 1 , . . . , x n ] be the polynomial ring in n variables over a field k. If a = {i 1 , . . . , i k } ∈ ∆ n , we write x a ∈ P for the square free monomial
. . , a n ) ∈ Z n , set x a ∈ P to be the monomial x
n . An a ∈ ∆ n has a characteristic vector χ(a) ∈ {0, 1} n so in this case x a = x χ(a) . If a ∈ Z n then we define the support of a to be the subset a = {i ∈ [n] : a i > 0}. Thus if a ∈ {0, 1} n we have x a = x a . If I is a monomial ideal, then A = P/I will be Z n graded. If M is a Z n graded A module and c ∈ Z n , we write M c for the degree c part of M. It will be convenient for us to split c into a positive and negative part and the following notation will be used through out. Write c = a − b where a = (a 1 , . . . , a n ) and b = (b 1 , . . . , b n ) with a i , b i ≥ 0 and a i b i = 0. If a and b are the corresponding supports, then a ∩ b = ∅.
It will often be the case for us that the vector space M c depends only on the supports a and b. In these cases we may misuse the notation and write M a−b for convenience.
The cotangent modules
The T i A X belong to a cohomology theory for algebras (see e.g. [And74] or [Lau79] ), but for our purpose it is enough to know the following ad hoc definitions.
Let P be a polynomial S algebra mapping onto A so that A ≃ P/I for an ideal I.
be an exact sequence presenting A as a P module with F free. Let M be an A module. The cokernel of the natural map Der S (P, M) → Hom A (I/I 2 , M) is T 1 (A/S; M). Let R 0 be the submodule of R generated by the Koszul relations; i.e. those of the form j(x) y − j(y) x. Then R/R 0 is an A module and we have an induced map Hom
when k is the ground field. For a graded ring A there is a natural induced grading on the T When dealing with the deformations of P(X) we will work with the Hilbert functor, that is embedded deformations. In this case the correct
2 Cotangent cohomology of Stanley-Reisner rings
Equations and relations
Given a simplicial complex X ⊆ ∆ n , let M X = ∆ n \X be the set of non-faces. The associated Stanley-Reisner ideal I X ⊆ P is the ideal generated by the monomials corresponding to these non-faces:
The Stanley-Reisner ring is then A X = P/I X . For our purpose it is best to include all monomials corresponding to non-faces as generators, although this is a very non-minimal set. Let {e p : p ∈ M X } be a corresponding basis for P |M X | . The generating relations among these equations are R p,q : x q\p e p − x p\q e q .
The relations among these relations are R p,q,r : x r\(p∪q) e p,q − x q\(p∪r) e p,r + x p\(q∪r) e q,r .
Remark. What we have just described is a special case of the so called Taylor resolution; a construction of a free, but in general not minimal, resolution of any monomial ideal. For a description and proof of exactness see e.g. [BPS98] .
The Koszul relations T p,q = x q e p − x p e q are easily seen to satisfy the identity
Thus if R is the relation module and R 0 is the submodule generated by the Koszul relations, then x p∩q R p,q ≡ 0 in R/R 0 .
First description
We start with the vector space Hom P (I X , A X ) c . Let a and b be as in 1.2. The values of a homomorphism φ ∈ Hom P (I X , A X ) c will be
where λ p ∈ k and must equal 0 if x b does not divide x p . So we may assume b ∈ {0, 1}
n and x b = x b . Since the degree of φ(x p ) is determined by c, we may view Hom P (I X , A X ) c as functions from M X to k. In fact it is enough to consider functions on
To define a homomorphism the φ(x p ) must satisfy the relations R p,q modulo I X . Computing we see this means
To get T 1 A X ,c we must divide out the trivial deformations; i.e. homomorphisms generated by the ∂/∂x i . These appear iff b consists of only one element and M a−b = ∅. If b = {i}, then in our description ∂/∂x i is the function λ p = 0 if i ∈ p and λ p = 1 if i ∈ p. So if b = {i} we must take the quotient of the above space with the one dimensional subspace where λ p = 0 if i ∈ p and all other λ p are equal. Now we look at Hom A (R/R 0 , A) c . Note first that the degree of the relation R p,q is in {0, 1} n and has support p ∪ q. The values of a graded homomorphism φ will be
If we do as above we find that Hom A (R/R 0 , A) c is a subspace of the vector space of anti-symmetric k valued functions on this set; i.e. the components are λ pq with λ pq = −λ qp and λ pp = 0. We get conditions
and the "cocycle condition"
These conditions are not sufficient since a homomorphism in Hom A (R/R 0 , A) must vanish on R 0 . This means that x p∩q φ(R p,q ) must be in I, yielding the "Koszul condition"
To get T 2 we need to divide out with the submodule generated by the maps D α defined by
otherwise.
In degree a − b the submodule is generated as vector space by (x α x a /x b )D α where b ⊆ α. In terms of the λ pq this means we must take the quotient with the space of tuples having the form λ pq = λ p − λ q where λ p = 0 if b ⊆ p and
Remark. Of course we are building some sort of cohomology to describe the graded pieces of T i A . We postpone such a representation until 2.3 where we can relate it to the simplicial complex itself. In particular condition 2.2.5 will take a more natural form.
Cotangent cohomology in terms of the simplicial complex
We start by defining a pair of important subsets of the simplicial complex
If there is no confusion as to which complex we are referring to we will write N a−b and N a−b .
To prove the second statement assume first that
is a pre-image of f . It certainly does not contain b. The last statement is obvious. 
The application Φ induces an injective linear transformation Φ
Proof. We have Im Φ
and 2.2.2 applies. The first condition in the proposition follows from 2.2.1 and Lemma 2.3.1 while the second is just a rephrasing of 2.2.2.
In 2.2 we showed that T 
.2.4 and 2.2.5, such that
Proof. Write as before Φ(p) = f p . By the anti-symmetric property such a λ ′ must have
On the other hand suppose 2.3.2 is true. If
So it is enough to construct a representative satisfying 2.3.2.
Fix an f in N a−b and choose an m ∈ Φ −1 (f ). The cocycle condition applies inside the pre-image of f , so 
with the subspace of functions of the form λ(f, g) = λ(f )−λ(g) with λ(f ) = 0 if f ∈ N a−b (and similarly for g).
Proof. What is left to prove is that given the cocycle condition, conditions 2.2.3 and 2.2.5 combine to λ pq = 0 if both f p and f q are in N a−b . Certainly b ⊆ p ∪ q implies b ⊆ p and b ⊆ q, so by Lemma 2.3.1 f p and f q are then elements of N a−b . The Koszul condition implies the same since b ⊆ q means that
For the reverse implication assume (
In this situation the cocycle condition forces λ pq = λ pr − λ qr . Thus if we can prove the statement for pairs (f p , f q ) with f q ⊆ f p we are done.
Since we may use any element of Φ −1 (f p ) choose an p with property 2.3.1. Again, Lemma 2.3.3 shows that λ pq = 0 implies b ⊆ q for any q in Φ −1 (f q );
i.e. that f q ∈ N a−b .
The above descriptions of T 1 c and T 2 c lead to a representation of these spaces as cohomology groups of certain complexes. Definition 2.3.6. A subset Y ⊆ X of a simplicial complex X has property U, or is a U subset, if
If Y has property U, then define the sets
and the complex of k vector spaces
By Lemma 2.3.1 both N a−b and N a−b are U subsets.
There is a canonical surjection of complexes
, and putting Proposition 2.3.2 and 2.3.5 together we get Corollary 2.3.7. We have
and T 
Cotangent cohomology and the geometry of the complex
Recall that the geometric realization of X, denoted |X|, may be described by
To every non-empty f ∈ X one assigns the relatively open simplex f ⊆ |X|; 
In particular, X \ {∅} = |X| and X = | cone(X)| where cone(X) is the simplicial complex cone on X. Proof. If f ∈ cone(X) then we may identify f ⊂ X with the union of all
For such an F let F Y ≤ F be the maximal subflag consisting only of faces in Y . Now we can continuously retract F ∪ F Y onto F Y and this can be done simultaneously for all F belonging to the above union.
Proof. We will prove the dual statement in homology using the method of acyclic models (see e.g. 
. We must show that both F ′ and F * are free and acyclic with respect to these models. Now a basis element of 
Reduction to the a = ∅ case
The set N a−b is empty unless b = ∅ and a ∈ X is a face. Moreover, we may reduce all the calculations of N a−b and N a−b , and therefore the T i , to the case of a = ∅ on a smaller complex. For convenience we will now sometimes write It is a simple matter to check that the map between sets is a bijection (with inverse g → g ∪ a) and that it restricts to a bijection of the N subsets. Let
Proposition 2.5.2. There are isomorphisms
for all i.
there is a standard retraction taking α ∈ f to an α ′ ∈ f \ b which fits together to make ( N , N ) a strong deformation retract of ( U , 
unless b consists of a single vertex. If b consists of only one vertex then the above formulae become true if we use the reduced cohomology instead.
3 Global and local deformations
The local Hilbert functor
Recall that the local Hilbert functor of a scheme Z ⊆ P r , Hilb Z , takes a local artinian k algebra R to the set of infinitesimal deformations of Z in P r with base space Spec(R). If p(t) is the Hilbert polynomial of Z and Hilb r p(t) is the corresponding Hilbert scheme, then Hilb Z is prorepresented by the complete local ring of Hilb r p(t) at Z. For this and other results on Hilbert schemes we refer to [Ser86] .
For general Z the tangent space of Hilb Z is H 0 (Z, N Z/P r ) where N Z/P r is the normal sheaf. The obstruction space, T 2 Z/P r , is the second hypercohomology of the cotangent complex of sheaves on Z. The global-local spectral sequence for the T i yield an exact sequence
that decomposes the obstruction space into local and global obstructions. 
are surjective for i = 1, . . . , m , then (i) Hom P (J, P/J) 0 is the tangent space of Hilb Z .
(ii) (T 2 P/J ) 0 is an obstruction space for Hilb Z .
The relationship between algebraic properties of A X and topological properties of X are well understood from the work of among others Hochster. We will use a result of his to show that the comparison theorem applies to P(X). (and H 1 (I) ≃ H 0 (X; k)). The conclusion follows since the H 1 (I(d i )) are the cokernels of the maps 3.1.1.
We stick to computing with T 1 and not the normal module. The difference is easily handled since in degree 0 the trivial deformations consist only of the x i ∂/∂x j .
The localization maps
We recall first a very nice description of the standard affine charts that cover P(X). If f is a subset of [n], let D + (x f ) ⊆ P(X) be the chart corresponding to homogeneous localization of A X by the powers of x f . Then D + (x f ) is empty unless f ∈ X and if f ∈ X then
This means that for the sheaves T i we may identify
. Although strictly speaking we should consider lk(f, X) as a subcomplex of ∆ n , the T i depend only on the complex itself. In particular, when we look at graded parts, the above results show that T We proceed to describe the localization maps
Proposition 3.2.1. Define maps
) preserves order and respects the subsets N and induces therefore maps
(iii) For a vertex v ∈ X, the localization maps
when restricted to the graded pieces T 
is also bijective in this case.
In the case that f = v is a vertex the localization maps are easy to describe. For T 1 , if for example v = {1}, the homomorphism F (x 1 , . . . , x n ) → G(x 1 , . . . , x n ) descends to F (1, x 2 , . . . , x n ) → G(1, x 2 , . . . , x n ). For T 2 one gets a similar description since T 2 is a quotient of Hom A (R/R 0 , A). If we look at the multi-graded pieces, clearly the grading shifts as with ψ * v (a − b).
The most important consequence of this knowledge on the localization maps is the following injectivity result.
Proposition 3.2.2. The maps
Proof. It is enough to prove that Φ :
, we claim its pre-image is a unique graded piece
We also know that a ∩ b = ∅ and |a| = |b|. ′ ∪ v and a = a ′ . Moreover, again by Proposition 3.2.1, for any v ⊂ a with multiplicity k ≥ 1 in a, the restriction
Step 2: Just for this proof, we introduce an auxiliary grading on both the source space T i (X) 0 = a−b,|a|=|b| T i (X) a−b and, with respect to Φ, the target space
, respectively. Then Φ has only parts of degree (−1) or 0 -depending on whether v ∈ a or not. Moreover, the previous step just means that Φ <0 = Φ −1 is injective.
Step 3: Finally, let x ∈ T i (X) 0 with x = 0, but Φ(x) = 0. Denoting by x k = 0 its contribution of lowest degree, we know that Φ −1 (x k ) = Φ(x) |(degree k−1) = 0. Hence, x k = 0, and we have obtained a contradiction.
The statement about T 1 is not that interesting since by Theorem 3.1.1 we know the tangent space of Hilb P(X) . But we do get the following important corollary about obstructions. 4 Combinatorial manifolds 4.1 T 1 for manifolds
We will now restrict to the case where our simplicial complex X is the triangulation of a manifold without boundary. In fact we must restrict a little further. Since the links of faces are of such importance for the description of the cotangent cohomology, we will work with piecewise linear (P L-) manifolds. We will state standard definitions and results on P L-manifolds without reference. A general reference is [Hud69] .
Definition 4.1.1. A simplicial complex X is a combinatorial n-manifold if for all non-empty faces f ∈ X, | lk(f, X)| is a sphere of dimension n−dim f − 1. If we also allow | lk(f, X)| to be a ball of dimension n − dim f − 1, then X is called a combinatorial manifold with boundary.
A complex X is a combinatorial manifold if and only if |X| is a P Lmanifold. In dimensions less than four all triangulations of topological manifolds are combinatorial manifolds. In this section we call X a manifold if it is a combinatorial manifold without boundary. Proof. By Proposition 2.5.1 we may assume a = ∅. Set N := N ∅−b = {f ∈ X : f ∩ b = ∅ and f ∪ b ∈ X}. If N = ∅, then b ∈ X and X =b * lk(b); i.e. the join of a ball and a sphere. This join is a ball which contradicts X being without boundary. If b ∈ X, then ∅ ∈ N and N is a cone, so connected. Assume b is a face. Then (using the notation of 2.5) |X| \ N retracts to |X| \ U b = |st(b)|. In particular |X| \ N is contractable. Since X is a manifold, N is connected.
It follows that for a manifold dim k T 1 a−b is either 1 or 0 depending on whether N a−b is empty or not. If |b| = 1, i.e. b is a vertex, then N a−b is empty but T 1 a−b vanishes. This is because the dimension is at most 1, so there are only the trivial deformations. If |b| ≥ 2 we may reduce the computation to the a = ∅ case.
Lemma 4.1.3. If X is an n-manifold and |b| ≥ 2 then N ∅−b = ∅ if and only if X is as described in these two cases:
where |L| is a (n − |b| + 1)-ball and ∂L is its boundary complex.
In both cases, X is a sphere.
On the other hand we may decompose any face by
It is now easy to check the equality in this case.
In the first case, if F is a facet of ∂b, then L = lk(F, X) so it is a sphere. In the second case X \ st(b) is a manifold with boundary and ∂b is in this boundary. Again if F is a facet of ∂b, then L = lk(F, X \ st(b)) and therefore a ball.
We may add up these results to get a description of the whole T 
Remark. The case where b is not a face corresponds to the notion of stellar exchange defined in [Pac91] . (See also [Vir93] .) Assume X is a complex with a non-empty face a such that (i) lk(a, X) = ∂b * L for some non-empty set b
(ii) b is not a face of lk(a, X).
We can now make a new complex Fl a,b (X) by removing st(a) = ∂b * ā * L and replacing it with ∂a * b * L,
If |b| = 1, that is if b is a new vertex, then Fl a,b (X) is just the ordinary result of starring b at a.
We see from Theorem 4.1.4 that if a is not empty and b is not a face, then a − b contributes to T 1 exactly when we can construct Fl a,b (X).
T 1 in low dimensions
In low dimensions we may classify all the manifolds in Lemma 4.1.3. We will denote an n-simplex by △ n and the boundary complex by ∂△ n . The suspension of a complex X we denote ΣX. In dimension 0, X must be two isolated vertices which we write as S 0 . This case belongs to the list with b = [X].
In dimension 1, X is an n-gon which we write E n . The possibilities are b not a face X = ∂b * L where |L| ≈ S 2−|b| . |b| = 3: X = ∂△ 2 is the triangle E 3 .
In dimension 2 we know that |X| ≈ S 2 but there are very few triangulations satisfying the conditions.
b not a face X = ∂b * L where |L| ≈ S 3−|b| . |b| = 4: X = ∂△ 3 is the tetrahedron. |b| = 3: X = ∂ △ 2 * S 0 is the suspension of (double pyramid on) the triangle ΣE 3 . |b| = 2: X = ∂ △ 1 * S 1 is the suspension of (double pyramid on) an n-gon ΣE n .
b is a face X = ∂b * L ∪ ∂L * b where |L| ≈ B 3−|b| . |b| = 3: X = ∂ △ 2 * B 0 ∪ △ 2 is the tetrahedron ∂△ 3 . |b| = 2: X = ∂ △ 1 * B 1 ∪ △ 1 * S 0 is the cyclic polytope C(n, 2). If b = {1, 2} and the triangulation of B 1 is {{3, 4}, {4, 5}, . . . , {n−1, n}} then the facets of C(n, 2) are {1, 2, 3}, {1, 2, n}, {1, 3, 4}, {1, 4, 5}, . . . , {1, n − 1, n}, {2, 3, 4}, {2, 4, 5}, . . . , {2, n − 1, n}.
Notice that C(4, 2) = ∂△ 3 and C(5, 2) = ΣE 3 .
The projection of ΣE 5 and C(7, 2) from one of the vertices of b are drawn below. By Lemma 4.1.2, Lemma 4.1.3 and Theorem 2.4.3 these are all the manifolds of dimension less than three with non-trivial T 1 < 0 (X). We find the dimension of this space by counting the times X may appear in the list above. Manifold
T 2 for manifolds
We may apply Proposition 2.5.2 and Alexander duality to compute T 2 for oriented manifolds. Again it is enough to compute the case a = ∅ and then use these results on lk(a) in the general case.
∅−b may be computed as follows:
These results are true even when the degree n − |b| = −1 with the convention 
Now |∂b| is homeomorphic to S |b|−2 , so |∂b * L| is homeomorphic to the (|b| − 1)-fold suspension of |L|.
The suspension argument gives the exact sequence in the statement. If
The last statement follows from Alexander duality on the (n − |b| + 1)-sphere lk(b ′ ).
Remark. It is easy to see from the proposition that T 2 of the n-gon E n vanishes if n ≤ 5, and that dim T 
Deformations of A(X)
Recall that if v is a vertex, the procedure we called Fl a,v (X) in 4.2 is classically known as starring v at the face a. Geometrically we are making a point v in a into a new vertex and adding the necessary new simplices to get a subdivision of the triangulation X.
A complex X ′ is known as a stellar subdivision of X if there exists a series X = X 0 , X 1 , . . . , X r = X ′ such that X i is obtained from X i−1 by starring a simplex of X i−1 at a new vertex. For example the barycentric subdivision is a stellar subdivision. Proof. We may assume that X ′ is obtained from starring a simplex b of X at a new vertex a, i.e. X ′ = (X \st(b, X))∪∂b * a * lk(b, X). Thus lk(a,
The corresponding first order deformation with parameter say t is unobstructed since any obstructed t k would have to be in T 2 k(a−b) = 0 since kb ∈ {0, 1} n . Since ∂b ∈ X ′ , x b is a generator of the ideal and the deformation is achieved by perturbing this monomial to x b − tx a . Clearly the general fiber is isomorphic to A(X).
We immediately get a result on smoothability for spheres. Proof. Just note that A(∂△ n ) is a hypersurface.
We turn now to criteria for when A(X), for a manifold X, is not smoothable. One reason for not being smoothable is if A(X) has no (non-trivial) deformations of negative degree. This means that T 1 a−b = 0 whenever |a| < |b|. To check this it is enough to only consider faces a with dim a < 
Plugging in dim a + 1 < |b| yields the desired inequality.
Moreover, continued use of the fact that lk(a ′ , lk(a, X)) = lk(a ′ ∪ a, X) helps to reduce the criteria. For example if lk(a, X) = ∂b * L and a
We may use these observations to give a detailed account of the situation in low dimensions.
If f is an r-dimensional face of a simplicial complex X, define the valency of f , ν(f ), to be the number of (r + 1)-dimensional faces containing f . Thus ν(f ) equals the number of vertices in lk(f, X). Finally if a = ∅ and X = ∂b * L, |b| ≥ 2 and dim L ≥ 0, then there is a vertex v ∈ L with lk(v) = ∂b * lk(v, L). This is already taken care of. If L = ∅ then X = ∂∆ 4 and has an edge with valency 3. If X = L * ∂b ∪ ∂L * b with dim L ≥ 1, then there is a v ∈ ∂L with lk(v) = lk(v, L) * ∂b∪lk(v, ∂L) * b so this case was again taken care of above. If dim L ≥ 0, then X = ∂∆ 4 .
Examples. Among two dimensional X with A(X) non-smoothable we find the icosahedron and the triangulation of the football which has vertices with valencies 5 and 6. If X is the minimal triangulation of the torus then A(X) is not smoothable. This follows from the fact that the 1-skeleton is a complete graph and the number of vertices is 7.
Deformations of P(X)
We first find formulas for the tangent and obstruction space for Hilb P(X) when X is a low dimensional manifold. By the discussion in 3.1 we need to add up the T 
We get the following formulas by consulting the list in Proposition 4.2.1. For surfaces these formulas are proven in [Sym97] .
Theorem 4.5.1. If X is a manifold with dim X ≤ 3, the dimension of the tangent spaces and obstruction spaces (when dim X ≤ 2) of Hilb P(X) are:
0 + 2f
1 . that contribute in degree 0 have 0 < |a| ≤ |b|. We must therefore have dim a ≤ 1 2 dim X by the same argument as before Proposition 4.4.3. Except for the case dim X = 3, |a| = 2 and |b| = 3, there is a unique a making |a| = |b|. In the exceptional case lk(a) = ∂∆ 2 and there are two choices for a. Thus f Examples. If X = ΣE n , n ≥ 5, then dim H 0 (N P(X)/P n+1 ) = n 2 + 6n − 2, dim T 1 0 = 5n and dim T 2 0 = n(n − 5). If X is the boundary complex of the icosahedron then P(X) is unobstructed. The dimension of the Hilbert scheme at P(X) is therefore 162. Notice that dim T We will call a closed subscheme of P r rigid in P r if the only embedded deformations are trivial. Since f 1 contributes to T 1 0 when X is a surface, P(X) is never rigid in this case. Things are different in dimension 3.
Proof. Note first that dim Hom
Corollary 4.5.2. If X is a 3-dimensional manifold, then P(X) is rigid in P f 0 −1 if all edges e have ν(e) ≥ 5.
Examples. If X is the boundary complex of the regular solid with Schläfli symbol {3, 3, 5}, then P(X) is rigid in P 119 .
Theorem 4.1.4 not only gives us formula as in Theorem 4.5.1, but a complete description of all the first order deformations. We make a list here only for surfaces, a similar one, using the classification in 4.2, may be made in dimensions one and three.
Denote by χ(a) the characteristic vector of a subset a.
(vi) x i−1 x i+1 − ǫx 2 i . If we look aside from the complete intersection cases (ii) and (iii), we see that the global deformations only induce deformations of total degree −1, 0 or 1 -the last two depending on if there is a vertex with valency 4 or 3 in the link.
Thus we could find criteria for non-smoothability of P(X) if we solve the following problem.
Problem 4.6.2. If E n is an n-gon, let t i ? There are partial results. For example if n ≤ 6, then A(E n ) is smoothable using only deformation parameters with d i ≥ 1. If n ≤ 9, then A(E n ) is smoothable using only deformation parameters with d i ≥ 0. Using these local smoothings one can for example show that P(X) is smoothable if X is the minimal triangulation of the torus or X = ΣE 6 . The fact that there are no global obstructions (Corollary 3.2.3) makes it seem feasible to achieve general results if one can solve the above problem.
There are also negative partial results and we state without proof;
Proposition 4.6.3. If n ≥ 7, then A(E n ) can not be smoothed using only deformation parameters of degree 1. Consequently, if X is a 2-dimensional manifold with ν(v) ≥ 5 for all vertices v and ν(v 0 ) ≥ 7 for one vertex v 0 , then P(X) is not smoothable.
Examples. We may construct spheres with non-smoothable P(X) in the following way. Make first a cylinder over an n-gon, n ≥ 7. Now triangulate the n-gons by adding a vertex in the interior and drawing edges to the corners. Triangulate the quadrangular walls by drawing a diagonal in the same direction for all of them. The resulting triangulated sphere has 2 vertices with ν = n and 2n vertices with ν = 5. If ν(v) = 6 for all vertices in X, as is the case for the minimal triangulations of the torus, we may construct a new complex X ′ with |X ′ | ≃ |X|, but with P(X ′ ) not smoothable. To do this, pick an edge, e = {1, 2}, in X and star in a new vertex {0} at this edge. If e was the common edge of facets {1, 2, 3} and {1, 2, 4} then we must add the edges {0, 1}, {0, 2}, {0, 3} and {0, 4} to X. Now {1, 3} is the common edge of {0, 1, 3} and some other triangle, say {1, 3, 5} in the new complex. Exchange {1, 3} with {0, 5} to get X ′ . In X ′ , ν({4}) = ν({5}) = 7, ν({0}) = ν({1}) = 5 and the others have valency 6. Thus P(X ′ ) is not smoothable.
